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Abstract   

Wegiveaparameterizationofa11stabilizlngCOntrOllerswithsome航xedprecompensatorforslngle－1nPutSlngle－Output  

systems・The什ameworkweuseisthefactorizationapproach，Byuslngthisparametrization，WeglVeaparameterization  
OfallstrictlycausalstabilizlngCOntrOllers．  

1IntlTO山川Ctiom  2 Motivation   

LetusconsiderthefeedbacksystemshowninFigurelof  
theclassicaldiscrete－timesystem．Let  

A＝（J（z）∈R（z）り（z）hasnopoleson 
． 

thecomplexplane）   

（zdenotesthedelayoperatOr），Whichisthesetofstable  
CauSaltransferfunctions．   

Nowweletp＝Z＋1．ThenwehavetheBizoutiden－  

tity（z＋1）y＋T＝loverA．Using【heYoula－Kueera－  

Parameterization，these y andxcanbeparametrized as  
y＝r，X＝1－（z＋1）rwithaparameterrofA．   

Bylettingr＝1，Wehavey＝1andx＝－Z．In  

thiscase，thestabilizlngCOntrO11erobtainedfromyandx  
is－1／z．Unfortunatelythisisnotcausal．   

Otherwise，bylettlngr＝－1．wehavey＝－1and  
X＝Z＋2．Inthiscase，thestabilizlngCOntrOllerobtained  

fromyandxis－1／（z＋2）．Thisresultsadirectloop，  

thatis，thecurrentlnputaffectsthewholeclosedfeedback  
SyStemimmediately．ThisloopISnOrmallyunsafeevenif  
thetotalfeedbacksystemisstable．   

Tb avoid these situation，We Wi11present the  

ParametrizationofallstrictlycausalstabilizlngCOntrOllers，  
（i）whichdoesnotincludeanynon－CauSalstabilizingcon－  
trollerand（ii）whichdoesnotresultanydirectloop．  

草セ  

ItiswellknownthatthefactorizationapproachtocontroI  
SyStemShastheadvantagethatitembraces，Withinaslngle  
framework，numerOuSlinearsystemssuchascontinuous－  
timeasw亡∋1lasdiscrete－timesystems，1umpedaswellas  

distributedsystems，One－dimensionat aswellasmultidト  
mensionalsystems，etC・［1，5］・Her）Cetheresultgivenin  

thispaperwillbeable（Oanumberofmodels．Infactoriza－  
tionapprollCh，WhenproblemssuchasfeedbackstabilizaT  

tionarestudied，OneCanfocusonthekeyaspectsofthe  
problemurlderstudyratherthanbedistractedbythespe－  
Cialfeatur（≡SOfaparticularclassoflinearsystems．This  

approachleadstoconceptuallysimpleandcomputation－  
allytractat）1esolutionstomanylmpOrtantandinterestlng  
PrOblems［4］・Atransferfunctionofthisapproachiscon－  

Sideredas theratiooftwostablecausaltransferfunctions．  

Furtherthesetofthestablecausaltransftrfunctionsiscon－  

SideredasaCOmmutativerlng．   
ThechDiceofthestabilizlngCOntrOllerisimportantfor  

theresultingcIosedloopbecause，ingeneral，thestabiliz－  
1ngCOntrO二Llers arenotunlque．Intheclassicalcase，the  

StabilizlngCOntrOllerscanbeparameterizedbythemethod  
Called Yollla－Klueera－Parameterization［1，2，3，4，5，6］．  

However，jtisaLIsoknownthatsuchparametrizationmay  
includeaz；tabilizingcontrollerswhi（：his notcausaland  
mayresultadirectloop（seeSection2）．   

The ol刃ective of this paperisl二O preSent an alter－  

native pammetrization ofstabilizlng COntrO11ers，thatis  
theparam‘，triza［ionofa11strict＆causaLstabiIizlngCOn・  

trol】ers．Thisparametrizationwi11includeneitheranynon－  

CauSalstabilizlngCOntrOllernoranyd孟rectloop．  Figurel：Feedbacksystem∑．   



3 Preliminaries   

Weemploythefac（Orizationapproach［1，3．4，5］andthe  
SymboIsuさiedinmand閏．   

Denoteby＾auniquefactorizationdomainthatisthe  

set ofstabLecausaltransferfunctions．The totalf弓eld of  

fractionsofAisdenotedbyア；thatis，  

ア＝（れ／dいも，d∈A，d≠0）・  

This7is・ニOnSideredtobethesetofallpossibletransfel．  

functions．LetZbeaprimeidealof．4withZ≠A．Fuト  
ther，let  

ア ＝（α／ム∈アlα∈A，ム∈山一Z）and  

アs ＝（α／わ∈アlα∈Z，む∈山一Z）・  

AtransferfunctionfissaidtobecaL．！Sal（stric（秒CauSal）  
ifandonlyiffisinP（残）．   

We consider the feedback system∑［4，Ch．5，Fig－  

ure5．1］showninFigurel．Inthefigure，Pdenotesaplant  

in7）andcacont7Vller．Thestabilizationproblem，COnSid－  

eredinthi！；Paper，followstheonedevelopedin［l，4，5］・  

Fordetails．thereaderisreferredto［4，9，8，10】．   

LetH（p，C）denotethetransfermatrixfrom［ui  
to［eieち1tofthefeedbacksystem∑，thatis，  

Inthispaper，WeCOnSiderafixedcausalpreco7TPen－  

s（l（Or（（∈ア）asapartofacontrollercasshowninFig－  

ure2（c＝Coく）．Weassumethatcoandぐmustberationa11y  

factorcoprlme．   

We furtherintroduce the set ofall（CauSal）stabiliz－  

1ngCOntrOllersofpincludingaprecompensatorasfo1lows  
（p，く∈ア）：  

5（p；く）：＝（co（lco∈ア，旬く∈β（p），  
Coand（arerationally  

factorcoprime）  （3）   

ざア（p；く）‥＝（co（lco∈ア，Coく∈ざア（p），  
Coandくarerationally  

factorcoprime）  （4）  

ForthenotionofrationalfactorcoprlmeneSS，Wehave  

thefollowlngprOPOSltlOn．   

Propositionl上′βfαα〃dぁわegJeme†出げア．∫仰0∫どrゐαJ  
り‘川‘ノブ用n・Jl両′仙〟亘伸伽r‘叩JイJ川・．川川りJ，f、ヾ高．・l叶  
り〃－JりJ血け／川／川（仙川l…・晶．1．   

Proof・＝If”partisobvious・Henceweshow＝Onlyif”part  

Only．   

Letan，ad，bn，bdbeinAwitha＝an／adandb＝  
bn／bdSuChthateachofpairs（an，ad），（bn，bd），（an，bd）  
and（bn，ad）isfactorcoprime・SupposenWthatabisin  
A・ThenadisaunitofAbecausethepalrS（an，d）and  
（bn，ad）arefactorcoprime．ThismeansthatalSinA・  
AnalogouslybisalsoinA．ロ  

1］（2）  
（1＋pc）■1－p（1＋pc）   

恥c）‥＝】ご丘」完）－1行1ム㌻1  

（∈f2×2）l）rOvidedthatl＋pcisnon2：erO．Wesaythatthe  
plantpISStabilLzable，PISStabilizedbyc，andcisaslabi－  

11ztngcont，rOllerofpifandonlyifl＋pcisnonzeroand  

H（p，C）∈A2×2・Inthedehitionabove，Wedonotme－  
tionthecausalityofthestabilizlngCOntrOller∴However，1t  

isknownthatifacausalplantisstabilizable，therealways  

existsacatlSalstabilizingcontrolleroftheplant【9］・   

ApairaandbofAaresaidtobecoI”ime（OVerA）if  
andon】yifthereexist：randyofAsuchthatxa＋yb＝1  
holds．AnorderedpalrnanddofAaresaidtobeaco－  

Primeカctorizationofpifandonlyif（i）disnonzero，（ii）  

P＝n／doverF，and（iii）nanddarecoprilne【1，4，5］・   

Apairaand bofAaresaidto bebctorcqprime  
（OVerA）ifandonlyifthefollowingholds：foranyxof  
A，ifxdivj．desbothaandb，thenxisaunitofA．Apaira  
andbofプ：●aresaidtobeTtttional［yjbctorcqprime（OVer  

f）ifandonlyifthereexistxl，yl，X2，y20fAsuchthat  
（i）a＝yl／xlandb＝y2／x2，（ii）ylandx2arefactor  

COprime，and（iii）y2andxlarefactorcoprime・   

Becauseweinvestlgatethesetofsomekindofstabi－  
1izingcontro11ers，Weintroducesomenotationsasfollows  

匝∈ア）：  

lS（p）：＝（c∈アlガ（p，C）∈A2×2），  
57）（p）：＝ 5（p）∩ア，  

57■s（p）：＝ β（p）nn．  

Figure2：Feedbacksystemwithaprecompensator・  

4 Allstrict）ycausalstabilizingcon－  
trollers   

lnthissection，WeglVetheparameterizationofallstrictly  
causalstabilizlngCOntrOllersprovidedthatZisaprlnClpal  
ideal．Inthiscase，theprecompensator（isageneratorof  
Z．ThefollowlngareprlmaryreSultsofthispaper・   

TheoremlエビJpαJZd（わビege椚eJ出げア・A∫∫〟∽eJ厄rp  

α†Zdくd柁rα血乃αJウβcわrc叩rf椚e・げガ（p（，C）J∫OVerA，  

J加〝ガ（p，Cく）J∫OVerA・   

TlleOrem2⊥eJpβ〃d（あeeJe椚g〝r∫げア．∫仰0∫eJ厄Jp  

州IJ（曲′・りJ晶－叫、Jこ仙けl叩′加t・・丁7∫川JJ－り吊／州イ岬両  

〟乃d何ノ加Jd．   
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（i）  

ぶ（p；く）＝（coくIco∈β（pO）▲   （5）   

（ii）⊥erれ，d，封，£あβeJg研β旭JJ1月w油〆＝れ／d，   

c＝みノェ∫〃CんJ触れ′y＋血＝叫レゾんere祝J∫α〟血げ  

A771ピノJ   

柚（）＝（く 」r∈山一”御）・（6）  

an 

（p，。。）＝［  

＝［  

－p（1＋pcく）‾1  

（1＋pcく）‾1  

（1＋pc（）‾1  

cく（1＋pcく）▼1  

血ぐd†ばくd  

dyくm 血くd  

whichisoverA．□  

BasedonTheorem3，WeObtaintheparametrizationof  
allstrictlycausalstabilizingcontrollers．Inthefollowlng，  

WeCOnSidertheparametrizationofallstrictlycausalstabiL  
lizingcontro11ersoftwoclassicalmodels（thecontinuous－  

timesystemandthediscrete－timesystem）．   

4．1ClassicalContinuous・TimeSystem  

Considertheclassicalcontinuous－timesystems．LetC＋  

denotetheclosedrighthalf－Plane（sl況s≧0）andC＋e  

denotetheextendedrighthalf－plane，thatis，C＋tOgether  
wi（hthepointati鵬nity．ThenthesetAofstablecausal  
transfヒrfunctionsisglVenby  

A＝（J（β）∈取（β）Jsupげ（β）】＜∞）・  
β∈C車   

ItisknownthatthisAisaEuclideandomainwiththede－  

greefunction∂：（A－（0））→Z＋：  

6（f）＝“numberofzerosoffinC十e”  

（SeeChapter20f［4］）．TheidealZforthede頁nitionofthe  

CauSalitylSglVenaS  

Z＝（J∈AIJ＝れ／d，7l，d∈呵β】，  

deg（n）＜deg（d）），  

whichisaprimeandprincipalideal．Infact，forfinA  

theideal（f）isequaltoZifandonlyif6（f）＝1and  
deg（n）＜deg（d），Wherenanddarepolynomialsofs  
overRwithf＝n／d．ThegeneratorofZcanbe，for  

example，  

1  －1  β＋3  β＋5  

Theorem3エビJpわeα∫gdあ〃ねα抽〆β′けげア．A∫∫l｛∽eJ力α／  

ご八川り／両前恒JJJ＝J∴川とJJハ〔川－ソ＝イハ′－J、、∴  

仙ゲp（ね〃0川αあ〟加抽Jゐe〃β黙（p）＝臥  

rJりりJJ…－1∫．、－t・．JJいJ－t・ハ山′一、・∫、ご／＝〃‘／、I、J－l・イ．1仙イJ   

J力αり｝（＝れ／dα〃d†ly＋血＝叫山如針山＝相加  

り．・l・Tl…J／け、l・Jイ＝／J．、〃イ・小‘l川＝／で／＝／）JJ／ニ高ぶ   

（、り〃J′・仙ハ・イノり、か汀J川＼／り／／・′いご  

β残（p）＝（震か∈A）・ （7）   

Intheft）llowLng，WeglVetheproofofTheoremlonly．  

TheothertlVOprOOfsforTheorems2and3areomitted．   

Proof．Wi〉firstconsidertwocases：（i）p（＝Oand（ii）  

pく≠0．  
（i）p（＝0．Sincepand（arerational】yfactorcoprime，P  

and（areimAbyPropositionl．Vhhereconsiderfurther  

twocases：（i－1）p＝Oand（i－2）p≠0．  

（i－1）p＝0．BecauseH（0，C）isoverA，CisinA．Since  
both（and．：areinA，H（0，Cく）isstilloverA．  

（i－2）p≠0．Then（isequaltoO・Becauseofp∈A，  

ガ（p，0）（＝ガ（p、C（））isover．4．  

（ii）pく≠Or（thatis，P≠Oand（≠0）．Weconsiderfurther  

twocases：（iiLl）c＝Oand（ii－2）c≠0．  

（ii－1）c（）・SupposethatH（pく，0）isoverA・Thenp（  

itselfismノ1fromthe（1，2）TentryOfH（pく，0）．ByPropo－  

Sitionl，Pi5iinA．HenceH（p，0）isover＾．  

（ii－2）c≠0・Now，allofp，C，and（arenonzerotSuppoe  

thatH（p（、l〇）isoverA・Letn，d，yandxbeelementsln  
Awithp（＝＝nO／doandc＝y／xsuchthat  

β＋1’β＋2’（β＋1）（β＋2）’52＋2β＋2’  

andsoon．   

ExamplelLet  
p＝β／（β－1）・  

Considerto obtain the setS残（p）ofallstrictly causal  

（proper）stabilizingcontro11ers．Firstconsider  

Z＝（）・  

Thus，1et  

ぐ＝1ノ（β＋1）．  

Then  

pく＝5／（（β－1）（5＋1））・   

・托oy＋doコ：ニ1  （8）  

（ThisB6zoutidentityexistsfromCorollary2．1．50f［10］）．  
Becauseprand（arerationallyfactorcoprime，thereex－  

istn，d，くn・．and（dinAsuchthatp＝n／d，（＝くn／（d，  
moれ㍍，do＝＝dくd，and（れ－くd）and（d，くれ）arefactor  

COpnme．Thenf【■Om（8）wehave  

m封（几＋dご（d＝1  



Where  

pく＝氾／d，  

れ＝Z（z＋1），d＝1，  

y＝0，∬＝1・   

Now SPs（p）is given asin（7）・Forexample，1etting  

r＝7／（z＋2），WeObtainthefollowingstabilizingcon－  

troller：  

lTニ  

Ⅵ七have  

71y十血＝叫  

where   

pく＝れ／d，  
β  

‖＝一一ニーーーて・．tブニ＝  
β－1  

（5＋1）㍗“  5＋1丁  

2（5＋2）   β一0・5   

，ご＝ ．、   
．．   β＋1  β＋1  

β3＋1．5β2＋3β＋0．5  

（5＋1）3  7z2＋6z－2’   

Whichisnotstablebutisstrictlycausal．  ThenuisELunitofAbecausethezerosofuare  

－0．659土1．525豆 and －0．1810．   

NowS7）s（p）isgivenasin（7）byvirtueofCoro11ary3．For  

example．11狙ing  

γ＝7／（β＋2），  

WeObtainl二hefollowlngStabilizlngCOntrOller：  

4β2＋305－十2  

5 Conclusion and Future Works 

Inthispaper，WehaveglVentheparameterizationofall  
StrictlycausalstabilizlngCOntrOllers．Otherapplications  

Oftheme血odofthispaperWj】linclude（i）theparame（erj－  

Zationofa11causalstabilizingcontrollersincludingthein－  

tegratorand（ii）formultidimensionalsystems，theparam－  

eterizationofa11stabilizlngCOntrOllersincludingalldelay  
OperatOrS，Whichwi11bepresentedinthefuture．  

253＋5β2－13β－2’  

Whichisst’rictlycausal．  ．   

4．2 ClalSSicalDiscrete・TimeSystem  

Considernexttheclassicaldiscrete－timesystems．Inthis  

CaSe，thes．三tAofstablecausaltransferfunctionsisgiven  

as（l）．Iti王；alsoknownthatthisAisaEuclideandomain  

Withthede｝greefunction6：（AM（0））→Z＋：  

61：f）＝“numberofzerosc・ffinside  

thecloseunitcircle’’   

（SeeagainChapter20f［4］）．TheidealZforthede爺nition  
of the causality is given as 

Z＝（J∈Aけ＝Z九，九∈A），  

WhichisobviouslyaprlmeandprincIPa＝deal．Infact，  

forfin＾，theideal（f）is equalto Zifand onlyif  

f＝ZJo，Where九isaunitofA．ThegeneratorofZ  

Canbe，forexample，  

z，（z2＋2z）／（z＋3），  

andsoon．  

Examplel：LetusconsidertheplantinSection2，thatis，  

P＝Z＋1・AnalogouslytoExamplel，COnSideragalntO  

Obtainthe・SetS7L（p）ofallstrictlycausalstabilizingcon－  

trollers．Le：tぐ＝Z，（hatis，  

Z＝ZA．   

Thenp（＝Z（z＋1）．Vhhave  

my＋ゐ＝1，  
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