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Abstract   

Sofar，theauthordevelopedtheparametrizationofallstrictlycausalstabilizingcontro11ersintheframeworkof  
thefactorizationapproach［1］．Theobjectiveofthispaperistoextendthepreviousresults，theparametrization  

OfallstrictlycausalstabilizlngCOntrOllerswithsomeconditions・Ourapproachisthefactorizationapproach，  

SOthattheresultcanbeappliedtonumerouslinearsystemmodels．  

1 Introduction  telTIS．   

So far｝ the author developed the parametriza－  
tionofallstrictlycausalstabilizingcontrollersinthe  
frameworkofthefactorizationapproach［16，1］．The  

Objectiveofthis paperis to extend the previous re－  
Sults・Sincethefactorizationapproachhasbeenused．  

theresultcan be appliedtonumerouslinearsystem  
lTlOdels．  

SincestabilizlngCOntrOllersofaplantarenotgener－  
a11yunique．thechoiceofthestabilizingcolltrO11ersis  

in1pOrtantfortheresultingclosedMloop．Intheclassi－  

Calcase，thatis，in the case where the given plant  

admits coprlme factorizations，the stabilizlng COn－  

trollers can be parametrized by the so－Called Youla－  

Kueera，parametrizatioll［2，3，4，5，6，7］・However，this  
parametrization mayinclude stabilizlng COntrO11ers  
which are not causaland．in the case of a discrete＿  

timesystem・mayreSultinaclosedrloopthatdoesnot  

COlltaineven one－Step delay，Whichis not physically  

realizable．There are models such that some stal）i＿  

1izableplantsdonotadmitcoprimefactorizations［8］・  

Aparametrizationthatcanbeappliedeventostabiliz－  
ableplantsthatdonotadmitdoublycoprimefactor－  

izations 

． 

COntrOllersthatarenotcausalandclosed－loopsystems  

thatarecausalbutnotstrictlycausal・   

For some modelsISuCh as the discrete－time sys－  

tem model・the closed，loopsystem must be strictly  
CauSalinorder to be physically realizable．Kueera  

in［13、pP・283－287］and［14，P．178］discussed the  

methodstoobtainstrictlycausalstabilitycontrollers  
Ofdiscrete－timesystems・Inaddition，Linin［15］pre－  
Sentedthemethodtoobtainallstrictlycausalstabi－  
1izingcontrollersoftwo－dimensionaldiscrete－timesys－  

tems、Whichcanbealsoappliedtodiscrete－timesys－  

2 Preliminaries   

Weemploythefactorizationapproach［2．4，5、6］and  

thesymboIsusedin［11っ12†17］・ThereaderiseT  
ferredtoAppendixAof［5］foralgebraicpreliminarleS  
ifnecessary．   

DenotebyAanintegraldomainthatisthesetof  

a11stable causaltransfer functio11S．The totalfield  

Of fractions of Ais denoted by f；thatis，f＝  

（n／d［町d∈A，d≠0）．This fis considered to  
bethe set ofallpossible transferfunctions．Let Z  

beafinitelygeneratedprimeidealofAwithZ≠A．  
Furthermore，let7）＝（a／b∈7Ia∈A．b∈A－Z）  
andPs＝（a／b∈fIa∈Z，b∈A－Z）．Atransfer  
functionissaidto be causal（strutly causal）ifand  
Onlyifitisin7）（7）s）1．Analogously，atranSferma－  
trixissaidtobecausal（strictlycausal）ifandonlyif  

everyentryinthematrixisinP（7）s）．Notethat Z  

representsthesetoftransfbrfunctionsthat are both  
Strictlycausalandstable．   

Throughoutthepresentpaper，theplantwecon－  

10nthecontinuous－tirnesystems，thenotionof＝causal＝ofthispaperiscorrespondingto‘、proper・，  
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Sider has minputs and n outputs．alldits transfer  

lnatrix、Whichisalsocalledaplant，isdenotedbyP  

andbelongsto7）nXm・Weconsiderthefeedbacksys－  

tem∑shownin Fig11re？？．Inthe figure，C denotes  

a controller andis a trallSfer matrix of7mXn．The  

Stabilizationproblemconsideredinthepresentpaper  

fb1lowsthatdevelopedin［2，5，6］．Thereaderisre－  
ferredto［5、17，18・19］・LetH（P，C）denotethetrans－  

fermatrixfrom［uiuち］tto［eieち］tofthefeedback  
SyStem∑，thatis、  

Can be generated bythe other elements．The set of  
generatorsofβisnotunlqueirlgeneral．However，in  

therelnainderofthepresentpaper，WeCOnSiderthat  
theset（く1，・・，（L）isarbitrarybut丘xed．   

Our results areto obtaintheset S7）（P：β）with  
Oneparameter．Wewillpresenttwoparametrizations．  

TheBrst、basedon［11］andstatedinTheorem2、does  

llOtaSSumetheexistenceofthecoprlmefactorization  

fbrtheplant．ThesecondっbasedontheYoula－Kueera－  

parametrizationstatedinTheorem3，aSSumeStheexq  

istenceofacoprimefactorizationbrthe plant．Be－  

fbrestatingtheseparametrizations，Wefirstpreparea  
result，Theoreml，fromwhichweobtain Theorems2  

and3．   

TheoremlLelP be a plan10fPnXm and◎ ＝  
ト、！／ ‥ ご十、● 」－・／・り・  

βア（P；β）＝（r◎け∈5ア（◎P）ト   （2）   

□   

Theorem2 Let P and◎ be asin meoreml．As－  

£祝me兢αfr∈アmXnZねα5ねわ豆J豆zれタCOれ加g～eγげ◎P．  

エeま  

n（Q）＝（ガ（◎P，r）－Diag（ん～，Omx′m））Q  

（ガ（◎P，r）Diag（OmJxmJノm））  

＋ガ（◎P，r）  

Ⅷたe柁Qねαpαγαmeまeγmα£わ∬扉A（m＋瑚×（m十叫  

rんem，  

〃（P、C）：＝  
（1）  

（ん＋PC）【1－P（㍍＋CP）1  
C（ん＋PC）【1（Jm＋Cj〕）‾1  

∈ア（m巾）×（m巾）  

providedthatIn＋PCis nonslngular．The plant P  

is said to be stabilizable、Pis said do be stabilized  

by C、and Cis said to be a stabilizin9COntrOller  

Of Pif and onlyifん＋PCis nonslngular a11d  

H（PC）∈A（m＋n）×（m＋n）．Ifacausalplantisstabiliz－  
able，therealwaysexistsacausalstabilizingcontroller  

Oftheplant［18］・  

Becauseweinvestigatetheset ofstabilizing conL  
trollersofacertaintype，Weintroducesomenotations  

asfbllows（P∈アmXm）：   

∫（P）：＝（C∈アmXれ  

ガ（P，C）∈A（m巾）×（m勅） 
）  

（＝“thesetofa11stabilizingcontrollers  

Ofj〕”）、   

SP（P）：＝ S（P）∩7）mXn（＝“thesetofa11causal  

StabilizingcontrollersofP”），   

S7）s（P）‥＝ S（P）∩7）㌘×n（＝“thesetofallstrictly  

CausalstabilizingcontrollersofP”）、  

アβ：＝（ごル∈アl∬∈β，y∈勇一Z），  

5ア（P：β）‥＝ 5（P）∩7）葺×れ，  

whereβisafinitely－generatedidealofA，   

Fina11y，WeintroducetwosymboIsdiagandDiag，  

wherediag（aト…，an）denotesthediagonalmatrixbr  
Whichthe diagonalentriesstartingin the upperleft  

cornerareal，…，an，andDiag（Al，…，An）denotes  
theblockdiagonalmatrixwiththematricesAl，  

Anonthemainblockdiagonal．   

3 Parametrization of Strictly  

CausalStabilizingContro11ers  

In this section，We preSent the main results of the  

present paper，   

Let Bdenoteafinitely－generatedidealofA．  

assumethatβisasubsetofZ，Theset（（1，・・，、（L）de－  
notesthesetofgeneratorsofBsuchthatnoelement  

2  

瑚β）＝〈ガ抽◎  
（3）  

れgm  

霊［監芸三…］＝n（軌  

Q∈A（m＋叫×（m＋叫   

十  

Theorem3LelP and◎be asin Theor℃ml．Sup－  

poβe兢αま◎Pαdm宜ねわタんトαmdg頭－COpわm′eルcわわzα一  

丈豆0乃β5祝Cん〃もαま  

〈  

◎P二Ⅳβ－1＝か－1Ⅳ，  

yⅣ＋ズ♪＝Jm，αれd  
Ⅳy＋βズ＝んJ  

（4）  

ぴんe7℃Ⅳ，刀，Ⅳ，β，yタズ，y，αれdズαγe mαfわce5  

0γer．4q′叩prOpわαまe5豆ze5．meγ乙，  

5ア（P；β）＝（（度一月斥）一1（テ＋月∂）◎l月∈JmXれり．  

（5）  

□   



aIldlet   

［監；監汁＝叩C◎diag）？  

Whichisequalto  

TheproofofTheorel－11wi11beglVenlater・Theo－  
relnS2and3areprovedinthefollowingusingTheo－  
reml．  

ProofofTheorem2：Applyingtheparametriza－  

tiol10f［11］to◎P，Wehave  

（ん＋PC◎diag）‾1  －P（んん＋C◎diagf））‾1  

C◎diag（In＋PC◎diag）1（Im＋C◎diagP）Ll  
JJ／川  

：［芸；：芸三…］＝n（軌  
∫ア（◎P）＝  

“Onlyif”part・ Suppose that Pis causaland  

H（◎diagP、C）isoverA，tllatis、eaChHaij（1≦i，j≦  

2）isover月・   

Since Pis causal・◎diagPisstrictlycausal・By  
Propositionlof［12］，WeSeethatCiscausal・Wenow  
showthatH（PC◎diag）isoverA，thatis，eaChHbij  
（1≦宜、J≦2）isover．4・  

Hb22．SinceHb22＝Ha22，Hb22isoverA・  
Hb12．ThematrixL◎diagP（Im＋C◎diagP）－1，Which  
isequaltoH。12、isoverA・ByLemmal，thematrix  

－P（Im＋C◎diagP）‾1isalsooverA，Whichisequal  

toガ‘b12．  

Hb21．SinceH。21isoverA，byLeInmal，thematrix  

C（In＋◎diagPC）「1◎diagisalsooverA，Whichisequal  

toガム2ト  

Hbll． Recallthat Hall＝In◎diagP（Im＋  
C◎diagP）【1c alld 仇＝ ＝ 

． 

trix◎diagP（Im＋C◎diagP）LIcisalsooverA・By  

applylng Lemmaltwice，We See that the matrix  
P（Im＋C◎diagP）1c◎diagisoverA・Hence，Hbll  
is over A．  

Q∈月（m＋叫×（m＋叫  

Applyingthisequationto（2）、WeObtain（3）・Since  
◎Pisstrictlycausal・the matrixH22isalwaysnon－  
Singular．  ■  

Proqf of meorem3： Applying the Ybular  
Kueera－parametrizationto◎P，Wehave  

∫ア（◎P）＝（（度一月斤）【1（テ＋月∂‖月∈AmXれり・  

TherernainingproofisanalogoustotheproofofTher  
orem2．  ■   

In the remainder of this section，Our taSkis to  
proveTheoreml．Beforeglvingtheproof，Weprepare  

twolemmas．  

LemmalLeiA beamatrixof7）nXm・Let◎diag＝  
diag（¢1，…、れ）∈月れ×陀，ひんereeαCん¢i由αmyO乃eO／  
ぐト‥・，くト丁たeTl．A由0γer．4げαれdoγtgyげ◎diagノ4ね  

0γerA．  

Proげ Denotebyaijthe（i，j）－entryOfthema－  
trix A．We showthe“if”part only・The“onlyif‥  

Partisobvious．   

Suppose here that the matrix Ais not over A・  
Then，thereexists atleast one entrya？j OfA with  
aij∈P－A・LetatjTLandatjdbeinAandinA－Zl  
respectively，SuChthatatj＝aijn，／aijd・Since4）iisone  

Of（1，（2．‥，ぐl，We have that4）t and aijd haveno  

COmmOnnOllunitfactorofA・Thus，¢iaijisnotinA  
Whichisthe（i．j）－entryOfthematrix◎diagA・Hencel  

◎diagAisnotoverA・  JI  

Lemma2LetP∈fnXm andC∈FmXrt・Let◎diag  
αmd¢宜 わeαβれエemmαJ．me†1，P盲5C仇βαJαmd  

ガ（◎diagP，C）i50脚Aげα乃do埴げC豆5Cαu5αgαγLd  

ガ（P，C◎diag）豆50眠γA・  

ProoJIFirstwelet   

［監三富：……］＝＝妬抑  

Whichisequalto  

“Ifllpart．Sincewehave  

ガ（◎diagCf，P士）   

＝［よ0ごm］  ガ（ヱC◎diag）亡  

×里  
thispartcanbeprovedanalogouslytothe“onlyif”  

part・  ■   

NowthatwehavethelemmaswecanproveTheq  

Oreml．  

Proqf’qFTheoreml：Weprovethistheoremby  
showingtworelations“⊃”and“⊂”of（2）．Wedenote  

J  

Pモ アt ‥．Pt  andby◎diagthe  by口thematrix  

diagonalmatrixDiag（く1In，t・・，くIIn）∈Anlxnl  

⊃：Letr∈S7）（◎P）・Bynotingthat◎P＝◎diag口  
andbyLemma2，r◎diagisinSPs（n）・LetC＝r◎・  
This Cis strictly causal．A straightfbrwardbut ter  

diouscomputationshowsthat  

ガ（雪C）   臨  
＋◎diagPC）山1－◎diagP（Im＋C◎diagP）．1  

＋◎diagPC）‾1  （Jm＋C◎diagア）1  



［［∫n  

0乃×れ（ト1）lOmxm  
OmxnJ  Jm  

H（H、Ilo）＝VH（昂0，Coo）Vt．Ontheotherhand，the  
（2、2）rblock of H（口，rO）is equalto（Im＋CP）ALI  

HereIm＋CPis nonsingular．Thus、、rOis a sta－  

bilizing controller of rI．Decompose ro as ro ＝  
【rol・rOI］withro乙∈P㌘×n．Onemorestraighト  

forward but tedious computation shows that Cis  
？qualto∑：＝LrOi・Ontheotherhand，WeCanfactor－  
1ZeroaSrD＝r◎diag，Wherethematrixrisequalto  

【OmxnIm］希1［兎21… 兎2L］，Whichiscausal・  

Hence，C＝r◎・ByLemma2，r∈Sア（◎diagⅢ）・Since  

¢diagrI＝◎P・Wehaver∈Sア（◎P）・  ■   

4 Example  

Letusconsidertheclassicalcontinuous，timesystems．  
ThesetAofstablepropertransferfunctionsisgiven  

l）y  
月＝（J（5）∈R（5）lsup げ（占）l＜∞）．  

β∈C恒  

Itis known that this Ais a Euclidean domain with  

thedegreefunction6：（A－（0））→Z＋：  

6（f）＝“numberofzerosoffinC＋e”   

TheidealZfbrthedefinitionoftheproperityisgiven  

aS  

Z＝け∈AJJ＝乃／d，乃，d∈R［β］，  
deg（n）＜deg（d）），  

whichisaprimeandprincipalideal．  
Nowlet  

P＝β／（5－1）∈ア1×1  

ConsidertoobtainthesetofallstabilizlngCOntrOllers  
ofthisPwithrelativedegreemorethanl・Firstcon－  

sider  

Z＝（）andβ＝（1／恒1）2川1＝1／（頼り2）・  

Thus、1et  

◎二［1／（β＋1）2ト  

Then we have  

P◎二［5／（（s－1）（5＋1）2）］  

Ⅵ屯also have  

れ封＋血＝u．  

where  

P◎＝［れ／dト  

ガ（Ⅲ，r◎diag）  

to㌫m］・  

［JれJn ・Jm  

Omxれ   

SillCe the right－hand side of the above equationis  
OVerA、H（PC）isalsooverA・Nowthe（2．2）－block  

OfH（P・C）isequaltothe（2、2）一blockofH（口1r◎diag）・  
Hence，In＋PCisnonsingular・Thus，C∈SPs（P）．  

⊂：Let C∈SPs（P）．Then，byTheorem4．1（p．889）  
Of［6トDiag（C・P）admitsbothrightTandleft－COprime  

factorizations（this holds evenif P doesllOt admit  

right－and／orleft－COprimefactorizations）．Inaddition，  

Diag（PC）is a stabilizing controller ofDiag（C，P）．  

Letn）＝Diag（C・P）and90＝Diag（P，C）・Further－  

1nOreletNo、Do．‡も，andXo bematricesoverAsuch  
tllat  

昂＝賄βJl、C。＝お1軋重刑＋ズ。上）。＝J叫れ．  

SinceCon）isequaltoDiag（PC，CP）andCisstrictly  

CauSal，Cofbis strictly causal．Thus．allentries of  

兎N。areinZ．ByLemma3Aof［6］，det（斉。）isin  
A＼Z・   

DecomposeNo and‡もas  

‾二＼‾  
，兎：＝［坑1端2］  」Vo：＝  

where∧も1∈AmX（m巾）「Ⅳ 02∈AmX（m巾），％1∈  
A（m＋n）×m、andiも2∈A（m＋n）×n．Then．let B］0＝  
Diag（Cln）・鞋nce［Onxn Ct］tisstrictlycausalleV一  

誓yentryOflち2isinZ・Thus，thereexistmatrices  

Yh2i（1≦i≦l）overAsuchthatiも2＝∑‡＝1兎21（7・  
Now let 

1 

兎。＝［鴇1iも21（1‥・兎2∠（～】，C。。＝お兎。．  

Byletting  

J  

哨1∧宅2 … 哨2  Ⅳ00＝  

wehavefbo＝NooD61andiちoNoo＋XoDo＝Im＋n．  
Hence．CooisastabilizingcontrollerofR）0・  

Nowlet  

r。＝［OmxnJm］C。。［0乃～×mJ符′］t  

alld   

v＝ ［3：：：。霊m∠3：：：0完m ］・  

Sincedet（Xo）isinA＼Z，rOisstrictlycausal・Then．  
astraightbrwardbuttediousCOmputationshowsthat  

β  
d＝  

打i平－ 5＋1 

12  β3＋3．5β2＋8．s－0．5  

†l＝  

」、  

・こ‾十  （β＋1）3  

2β3＋352＋6β＋1  

2（5＋1）3   

4  
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parametrizationS7）（P：β）ofallcausalstabilizingcoll－  

trollerswith some corlditions witllβ⊂Z beging a  
finitely－gelleratedidealofA．Theresultsofthe pre－  

Sentedpapermakenoassumptionofcoprlmefactoriz－  
abilityin princIPle・Sincethefactorizationapproach  

hasbeenused，theresultcanbeappliedtonumerous  
linearsystemmodels．  
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