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Abstract

In this paper, we consider the two-stage com-
pensator designs for single-input single-output
plants in the framework of the factorization ap-
proach. Recently one of the authors has given
the parametrization of stabilizing controllers
given by the two-stage compensator design. As
an investigation of the role of the two-stage
compensator designs, we implement a visual-
ization system of the parametrization of stabi-
lizing controllers based on the two-stage com-
pensator design, in which the discrete-time LTT
systems are considered as a model of the fac-

torization approach.

1. Introduction

The factorization approach to control sys-
tems has the advantage that it embraces, within
a single framework, numerous linear systems
such as continuous-time as well as discrete-
time systems, lumped as well as distributed
systems, one-dimensional as well as multidi-

1,2, 3). Hence the re-

mensional systems, etc.
sult given in this paper will be able to a number
of models in addition to the multidimensional
systems. In factorization approach, when prob-
lems such as feedback stabilization are studied,
one can focus on the key aspects of the problem
under study rather than be distracted by the
special features of a particular class of linear
systems. This approach leads to conceptually

simple and computationally tractable solutions

to many important and interesting problems4).
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A transfer matrix of this approach is consid-
ered as the ratio of two stable causal trans-
fer matrices. For a long time, the theory of
the factorization approach had been founded
on the coprime factorizability of transfer ma-
trices, which is satisfied by transfer matrices
over the principal ideal domains or the Bézout
domains.

In some design problems, one uses a so-called
two-stage compensator design for selecting an
appropriate stabilizing compensator4). Given
a plant, the first stage consists of selecting a
stabilizing compensator for the plant. The sec-
ond stage consists of selecting a stabilizing con-
troller for the new closed-loop system that also
achieves some other design objectives such as
decoupling, sensitivity minimization, etc. The
rationale behind this procedure is that the de-
sign problems are often easier to solve when
the plant is stable.

Another example is to design buildings newly
attached earthquake-resistant dumpers (Fig-

ure1).

Figure 1: Earthquake-Resistant Dumpers.

So far, the results of the two-stage compen-
sator design use the norm algebras as well as
the factorization approach. Because the anal-
ysis by the norm algebra is based on a concrete
specified model, this reduces the attractive-
ness of the factorization approach. Recently,
one of the authors has given a parametrization
of stabilizing controllers of the two-stage com-
pensator design based on the factorization ap-
proach only, which is in the form of the Youla-
Kuéera—parametriza‘cion5) .

As an investigation of the role of the two-
stage compensator designs, we implement a vi-
sualization system of the parametrization of
stabilizing controllers based on the two-stage
compensator design. In the system, we con-
sider the discrete-time LTT systems as a model
of the factorization approach. To implement a
visualization system easily, we have employed

Mathematica5) .

2. Preliminaries of Factoriza-
tion Approach
The stabilization problem considered in this

paper follows the papers 6, 7), in which the

feedback system X 4) is as in Figure 2. For fur-

ther details the reader is referred to the literature4) ,

6) 7) and 8).

) )
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Figure 2: Feedback system 3.

We consider that the set of stable causal
transfer functions is an integral domain, de-
noted by A. The total ring of fractions of A
is denoted by F; that is, F = {n/d|n,d €
A, d # 0}. This F is considered as the set of
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W(p,c) =

all possible transfer functions. Matrices over F
are transfer matrices. Let Z be a prime ideal
of A with Z # A. Define the subsets P and Ps
of F as follows: P = {a/b € Fla € A, b€
A\Z}, Ps = {a/b € Fla € Z, b € A\Z}.
Then, every transfer function in P (Ps) is called
causal (strictly causal). Analogously, if ev-
ery entry of a transfer matrix is in P (Pg),
the transfer matrix is called causal (strictly
causal).

Throughout the paper, the plant we con-
sider has single-input and single-output, and
its transfer function, which is also called a plant
itself simply, is denoted by p and belongs to P.
We can always represent p in the form of a frac-
tion p = nd~', where n € A and d € A™™
with nonzero d.

For p € P and ¢, a matrix H(p,c) € F?*2 is
defined as

L+pe)™t  —p(1+pc)!
T T B S A R CY
c(1 + pc) (1+ pe)
provided that 1 + pc is a nonzero of A. This

H(p,c) is the transfer matrix from [u} ]’

to [ef €]’ of the feedback system X. If 1+pc
is a nonzero of A and H(p,c) € A?*2, then we
say that the plant p is stabilizable, p is sta-
bilized by c, and c is a stabilizing controller
of p. In the definition above, we do not men-
tion the causality of the stabilizing controller.
However, it is known that if a causal plant is
stabilizable, there always exists a causal stabi-
lizing controller of the plant 7).

We will denote by S(p) the set of stabilizing
controllers of P.

It is known that W(p,c) defined below is
over A if and only if H(p,c) is over A:
c(1+pe)™t —pe(l+cp)!
pe(l+pe)™  p(l+cp)~! )
This W (p, ¢) is the transfer matrix from u; and

uo to y1 and yso.

3. Two-Stage Compensator De-
sign

In some design problems, one uses a so-called
two-state procedure for selecting an appropri-
ate stabilizing compensator4). Given a plant
p, the first stage consists of selecting a stabi-
lizing compensator for p. Let ¢y € S(p) de-
note this compensator (that is, an arbitrary
but fixed compensator of p) and define p; =
p(1+ cop)~!. The second stage consists of se-
lecting a stabilizing controller for p; that also
achieves some other design objectives such as
decoupling, sensitivity minimization, etc. The
resulting configuration with its inner and outer

loops is shown in Figure 3.

Figure 3: Two-Stage Compensator Design (yo

to usg).

Here we give that the two-stage compensator
design based on Figure 3 cannot give all stabi-
lizing controllers. The following two theorems
have been given by one of the authors®). The
first Theorem 1 is same as Theorem 5.3.10 of 4),
The second is a detailed version of Theorem 1

with coprime factorizability.

Theorem 1 Let p denote a causal plant of P
and ¢ a causal stabilizing controller of p (co €
P). Further let p1 be p(1 + cop)~t. Denote by
co + S(p1) the following set:

{Co + 1 ’Cl S S(pl)}



Then
co +S(p1) € S(p), (3)

with equality holding if and only if co € A™*™.

Theorem 2 Let p, ¢y, p1 be as in Theorem 1.
Let n, d, y, x be in A such that

b= nd_17 Co = yx_lv
{ (4)

ny +dr = 1.

Then we have

co+ S(p1)
= {(x—rn)_l(y—i—rd) lr=riz?,r € A}

By Theorem 1, we see that the sum of ¢y and
a stabilizing controller of pi, say c1, is again a
stabilizing controller of p. This sum, a stabi-
lizing controller of p, is the parallel allocation

of ¢y and c1, as shown in Figure4.

Figure4: Composite Stabilized Feedback with

co and c¢;.

The theorems were based on the feedback
from ys to uy (cf. Figures 2 and 3). Even so, we
note that, from Figure2, we have two inputs
u1 and ug and two outputs y; and yo. Thus
we can consider alternative two-stage compen-
sator design based on other input(s) and other
output(s). Let us consider the two-stage com-
pensator design based on the feedback from ¥
to up. In this case, the feedback system is as

in Figureb.

Figure 5: Feedback from y; to u;.

The configuration is as in Figure6.

Figure 6: Composite Stabilized Feedback with

co and c¢; based on Feedback from y; to u;.

Based on this feedback, the following result

has also been given in 5).

Corollary 1 Let P,,,, denote co(1 + pco)~t.

Then we have

{(1 + coe1) teo|e1 € S(Pyyuy), 1+ coer # 0}
= {(z—rn) Yy +rd) |r=—ry? 1 € A,
r—rn # 0}. (5)

4. Visualization of Two-Stage

Compensator Design

Now that we have a parametrization of two-
stage compensator design, we are able to vi-
sualize the parameterization of the two-stage
compensator design. To implement this visu-
alization, we employ Mathematicag).

In this implementation, we consider the discrete-
time LTT systems as a model of the factoriza-

tion approach.
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Let the plant p be

—3d + d?
24 2d
and the inputs u; and wuy be %7 and ;21%,

respectively. In this case, the coprime factor-

ization is given as

y=1,=2-d/2, n=1/(4(d-3)d, x = (1+d)/2.

compensator design. By usiging them, we con-
sider to design further robust stabilizning con-

troller.
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Figure 8: Visualization based on
Youla-Kuéera-Parametrization with

1<rL2,
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Figure 9: Visualization with 1 < r < 2.
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Figure 11: Visualization of Alternative

Two-Stage Compensator Design with
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and 1 < a < 2.
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